The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information, including suggestions for reducing the burden to Department of Defense, Washington Headquarters Services Directorate for Information 14. ABSTRACT Wave-particle interactions have a large effect on magnetospheric particles, in the radiation belts and elsewhere. BounCe-averaged quasilinear diffusion coefficients have been calculated for whistler hiss and chorus and electromagnetic ion cyclotron waves (EMIC), which are all believed to play major roles. To perform these calculations efficiently, techniques have been developed that use properties of the refractive index of these modes to identify ranges of wave-normal angle that are compatible with cyclotron resonance in a given frequency band. Other cold plasma waves, in the L-X, L-O, R-X, and Z modes, can also resonate with energetic electrons, and some preliminary calculations of their diffusion coefficients have been reported. Here, it is shown that the refractive index of these modes allows the techniques developed for whistler and EMIC waves to applied to them as well. Sample calculations are presented for Z mode waves, with 6op>f4 and < It is also observed that for any cold plasma mode, the wavenumber is an increasing function of frequency for a fixed value of wave-normal angle; this is proved algebraically with mild approximations and verified numerically for a very wide range of parameters. This allows a variant of the technique for efficiently calculating diffusion coefficients. 
I. INTRODUCTION rameter sensitivity studies). Such techniques have previously
Cyclotron-resonant wave-particle interactions are crucial been developed for whistler mode hiss,' EMIC, 2 and chorus,"
to the dynamics of magnetospheric particles, particularly rabased on detailed analysis of the refractive index of these diation belt electrons. Whistler mode hiss within the plasmawave modes. Here, it is shown how they may be easily apsphere, whistler mode chorus outside the plasmasphere, and plied to L-X, L-O, R-X, and Z mode electromagnetic waves electromagnetic ion cyclotron (EMIC) waves at the plasmaas well. pause or within density plumes are all believed to play major Also discussed is a closely related approach based on the roles. Their quantitative effects have recently been calculated behavior of the wavenumber, k, rather than refractive index, in detail, -using bounce-averaged local quasilinear kclo, for cold plasma waves. It is shown in general that k is theory. 7 , 8 In the low-density region outside the plasmasphere, an increasing function of frequency to. at a fixed waveelectrons are also capable of resonant interactions with the normal angle 0. This basic observation about k(to) does not cold plasma L-X. L-O, R-X, and Z modes. ' 10 Preliminary seem to have received as much attention as k(O) has. Here calculations of diffusion coefficients for these modes have this property is established theoretically as far as possible, also recently been presented. 5, 1 and numerically in general, to justify its use in calculating The full bounce-averaged quasilinear calculations are diffusion coefficients. fairly demanding, since even local diffusion coefficients involve integration over a continuum of waves, requiring the 1I. WAVE MODES resonant frequency for each wave-normal angle or vice versa, compounded by the sum over resonant harmonic numAll of the cold plasma wave modes are given by the bern (in principle, from -to %). 13 A different approach is to identify in advance, and clotron. and plasma frequencies (w, fl. and co,, respectively), eliminate, integration ranges that are incompatible with cyand cr is defined to be +1 for PD > 0 and -I for PD < 0. The clotron resonance for the given wave population. This w dependence for a pure hydrogen plasma is shown in Fig. I greatly reduces the amount of computation required without for wo2/f2=0.3 and O, e '=2.2 (representative of backchanging the result, provides a rational criterion for limiting ground plasma with mildly low and mildly high density, rethe range of n, and provides insight into which waves conspectively), for several values of 0. Also shown are the lirtribute to the diffusion (which suggests an approach for paiting cases fI_(0=0)=I1R, +(0=0)=I1L, and 't(0 
III. DIFFUSION COEFFICIENTS AND RESONANCES
keep fl and top, fixed, it may be useful to redraw 1 " the CMA diagram delineating the various wave modes, with axes To implement the quasilinear formulation, the wave 2 g1 2 and wi, rather than the conventional quantities population is usually modeled by the product of Gaussian .Ilt f distributions of frequency and wave-normal angle (0 or x pe a =tan 9), with sharp cutoffs for each.
's The local diffusion
The cyclotron resonance condition can be written as coefficients (for pitch angle. momentum, and cross diffusion) 2 t2 have the fonn of sums of integrals over 0 from a minimum to
Sf 0 ma
This includes resonances with both signs of kjvil, which is
(3) justified if the upgoing and downgoing wave populations are ,=-. fo'-n assumed equal, or if both halves of the particle's bounce Here w is the resonant frequency corresponding to n and 0, motion are considered. given by Figure 2 shows V(W) and such that V passes through this rectangle; other ranges of 0 with and 0=l',2',3'. Also shown is the value for 0=0, need not be considered. An extreme instance of this is that namely I IR.
superluminous modes have I'min" I while Vm x <I for w.
--0, so there are no superluminous resonances with to,,--O (i.e., with n > 0 for electrons). Algebraically, conditions (6) are easily solved quadratic inequalities' 2 for sin 2 0. Exclud-1. Estimates of N'max and *min ing the corresponding 0 ranges greatly reduces the amount of To characterize the behavior of 'Y(w) in the problematic work required to evaluate the diffusion coefficients, particucases, we turn to a factorization found for the whistler mode.
larly since for Inl sufficiently large, no 0 values remain at all.
T=l*,P 2 , where The success of the method depends on being able to find (or bound) the minimum and maximum values of *(a)) for Pt-D fixed 0. This is especially simple if 'P(to) behaves monotoni-R fl,' cally, as (Walker,' 7 in a related context, refers to "the horrendous al--(tA± + 2toA±).
(7) gebra involved.") A careful review of that proof shows that it
Then it is straightforward to show that I'<0, so that V' holds for the Z mode as well. Thus the bounds < 0 for both the L-X and L-O modes. For the R-X mode, it 'l(OLC)NlV2(-UC) < T(&)) < *I( WUC)T2(tOLC) (9) can be shown that A' >0 for to> wR (or even for the less demanding condition to>twp). It is also easily checked that may be exploited for Z mode waves just as it recently was A>0 at t R, and therefore at to> toR, so that '"<0 holds for whistler waves: 3 Actually, if WoLC<lI /2<toUC treating A -0 t tR, nd hereoreat o >wR,so tat ' <0 hlds the two subintervals separately gives the tighter bounds for the R-X mode as well. Thus conditions (6) may be exploited for superluminous waves just as it was for EMIC min[4f] (wLC)qf2(11.,12),V(wuC)] < P(w) waves. -a .< lax[*tI (io.c)*,2(f e2), P(fle/2)1.
B. Z mode Thus one may safely skip 0 ranges for which both V,i,, >Tl(-uc)' 2 (",c) and V in>'l(f1e/2) hold, as well as 0 Figure 3 shows V for the whistler and Z modes with ranges which satisfy both Vm,,. <T1(w,oc)&(uc) and to'/91'=0. I and O= 1,2',3'.
It is evident that the Z mode
Vmax '( (U)
.
does not strictly obey V'(w)>0 for o<f1, 2 , where Yet another estimate of qfmi n and l for the Z mode I/R(o) is increasing, if 0 is small enough that V-I/ R.
comes from the observation that W(to) increases with inSuch Z mode waves require O<&o<fl1e2, or wp/l, creasing 0. To prove this. one can show in the magneto-ionic <0.5. It is conjectured that this behavior is controlled by the approximation that T I >0 for w< wR and that d* 2 / has sign of 4l1" evaluated at f1,/2, just as '" evaluated at &o=0 the same sign as L does, namely positive for the Z mode. 
Since *2 is a decreasing function of to for at 2 >flil ' e to show that k 2 is increasing it is sufficient to where (kc)nun is evaluated at wOlc and (kc) max is evaluated at show that w2/ql is increasing. This expression is just wRll), wuc. As before, this leads to simple quadratic equations for sin 2 1. The following subsections verify the property (0), which is indeed found to have positive slope given the whis->0 for the various wave modes.
A. Superluminous and EMIC waves D. Numerical tests
Cases not covered above include R mode (whistler) For the superluminous modes in the magneto-ionic apwaes wit covered a nl e w itoue highproximation, to2/k2C2 has been shown to be a decreasing waewiho2fJ ndEIwvswtoutehgfunction of w so obviously I sok2C n to b d as dcring density approximation. It is worth recalling the remarks of funtion of so bviously is a decreasing function of Stix 14 that "it is not difficult for a problem in plasma waves andto become completely unwieldy. Even the simple case of even in multispecies plasmas, in the high-density approximation.
2 waves in a cold drift-free homogeneous plasma is on the borderline of tractability," and although "the difficult prob-B. Z mode lems in plasma waves in a homogeneous medium become, for the most part, just difficult problems in algebra,... the For the Z mode, the sign of the slope of k2 is given by algebra is not trivial." Even the limiting case 0=0 has pit-2A0 2 A 2 +A' WY were calculated for 1000 values of A=11, / 2 logarithEq. (12) derived. Since all such methods only eliminate 0 mically spaced between 0.01 and 10, 200 uniformly spaced ranges that are known not to contain resonances, the cornvalues 0 -sin 2 0 < 1, and 5000 uniformly spaced frequencies puted diffusion coefficients should be unaffected, apart from 0< o< 2 WR. This wide range of A, corresponding to 10' considerations of efficiency and its practical converse. accus 10, includes the extremely low-density range racy. However, variants of the method are not all equally wp,<fli; the frequency range to<11i is also resolved, effective. (Evaluating these 109 cases took only a few minutes on a Figure 6 illustrates conditions (6) and (12) for a 600 keV moderately fast computer, which is one way to attack the electron interacting of whistler waves with to 2 /11=0.3. The PC tractability problem; algebraic manipulation software can plots are drawn for 0=300. In Figs. 6(a) and 6(b), the lecalso be useful.) A multispecies plasma (85% H', 5% He', tron has a=25', the waves are taken to have wtc/l,=0.1, 10% O) was also tested, with 1000 uniformly spaced frewuc/f,=0.4, and resonances with tz= are considered. In quencies 0 < oi < 2 oL. In every case with k 2 > 0, the relation Fig. 6(a) , the minimum and maximum values of T" for these (k 2 )' >0 was found to hold. Thus conditions (12) may be frequency cutoffs detennine the shaded rectangle. Conditions evaluated and used to limit the 0 ranges of the integrals for (6), equivalent to V avoiding the rectangle, successfully idendiffusion coefficients.
tify the absence of the n= I resonance for this 0. Figure 6( b) shows the same physical situation, but conditions (12) tor V. DISCUSSION W(w) to avoid the rectangle determined by the minimum and maximum values of kc are not met, so the method fails to As stated above, the resonance condition may be written eliminate this nonresonant 0 value. Figures 6(c) and 6(d) are in a variety of ways, and conditions analogous to Eq. (6) or similar, but with a=45', tOLC/11,=0.05, o11C/Q,,=0.2. and
